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Perturbations of Perturbations of compactcompact  
(flat) FRW with a scalar field(flat) FRW with a scalar field

 Uses the modes  of the Laplace-Beltrami 
operator of the FRW spatial sections.

 Perturbations have no zero modes.

 Corrections to the action are quadratic.

 The system is symplectic and constrained.

 Includes backreaction AT THAT ORDER.

Allows us to test less refined truncations. 
•

Approximation: Truncation at quadratic perturbative order 
in the action.  (Halliwell & Hawking)



Approximation: Effects of quantum geometry 
are only accounted for in the background

Hybrid approachHybrid approach

 Loop quantum corrections on matter d.o.f. 
and perturbations are ignored. 

 Succesfully applied in Gowdy cosmologies. 



 The ambiguity in selecting a Fock representation in QFT can be restricted by: 

- appealing to background symmetries.
  - demanding the UNITARITY of the quantum evolution.

 There is additional ambiguity in the separation of the background  and the 
matter field. This introduces time-dependent canonical field transformations.

 Our proposal selects a UNIQUE canonical pair and an EQUIVALENCE CLASS 
of invariant Fock representations for their CCR's.

Uniqueness of the Fock descriptionUniqueness of the Fock description

Other works DO NOT incorporate 
the same field scaling. This may 

affect the quantum description, and  
the derived effective approach.



                   

  Massive scalar field     coupledMassive scalar field     coupled
  to a compact, flat FRW universe. to a compact, flat FRW universe. 

Geometry: 

 
        Hamiltonian constraint:
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Classical system: FRWClassical system: FRW



V=⌈ p ⌉3/2 .{c , p }=8G/3.

 Specific LQC proposal such that:

 Evolution may be defined without ideal clocks.
 Superselection sectors are semilattices.
 It is optimal for numerical computation.



  Expand inhomogeneities in a Fourier basis of sines (-) and cosines (+),  with
  frequency

  Consider scalar perturbations, excluding zero modes.
  Call              and              the (properly scaled) Fourier coefficients of the lapse
  and shift, and              the coefficients of the scalar field. 

  At quadratic order:

 Then, e.g., adopt a longitudinal gauge.  After REDUCTION, the background        
  variables are corrected with quadratic perturbations to form a canonical set.

 The remaining Hamiltonian constraint reads:

                                                                             quadratic in

Classical system: FRW + InhomogeneitiesClassical system: FRW + Inhomogeneities
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Robustness and gauge fixingRobustness and gauge fixing

A unitary transformation relates the reduced variables for the inhomogeneities 
with the Mukhanov-Sasaki variables.

Similar results are obtained with other gauges.  

Moreover, in principle, we can proceed without gauge fixing, using a canonical 
transformation to perturbative gauge invariants and linear constraints. 

This transformation is non-local and affects the background variables.



If the matter field serves as a clock, we can:

Consider positive (negative) frequency states with respect to to that time.  
Use a Born-Oppenheimer-like ansatz:

This leads to a sort of dressed QFT for the inhomogeneities:

provided that (with     the perturbative parameter):

This controls the validity of the approximation. Note the factor ordering.

Relation with the dressed metric approachRelation with the dressed metric approach

−i ℏ∂ =
1
2
〈0 2[

1 2
H 0]sym〉0

〈 H 0〉0

 .

=0 V ,   , N [ f n ,± ].

H 0
2=0 

2−
C 0

8G
,

∑ C 2
n ,±=−8G 0 2−i ℏ[

1 2∂]sym .

〈 H 0〉0
=O 1 ; ∂

k log 〈 H 0〉0
=O k  k=1,2,3 ; ∂〈

l  2〉0
=O 3 l=0,1.





With the Born-Oppenheimer ansatz, and disregarding non-diagonal FRW 
elements,  the exact constraint reads:

The equivalence  class of invariant Fock representations includes the 
massless vacuum and the adiabatic vacua.

One needs to define non-elementary field operators: perturbative constraint 
(including a free field Hamiltonian), metric operators... 

This may be used to further restrict the choice of vacuum. 

Relation with the dressed metric approachRelation with the dressed metric approach
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Alternately, we can introduce a perturbative 
scheme, without recurring to any internal time: 

Solutions are characterized by their initial data 
at minimum volume.

From these data we arrive, e.g., at the 
physical Hilbert space. 

Beyond deparametrizationBeyond deparametrization

∣=∣02 ∣2 ...



Extrapolating the form of the effective
equations, one can derive the power
spectrum. It will be similar to the AAN
spectrum when their approach is valid.

 Numerical analysis shows an amplification  of the modes amplitude in the 
infrared region, with oscillations, as well as a phase synchronization.

 Backreaction effects have been considered. In particular, the inhomogeneities 
seem to accelerate the growth of the volume  

Exploring observational consequencesExploring observational consequences

V .



In the hybrid approach, the quadratic truncation of the action leads to a 
symplectic and constrained system. 

The deparametrization of the system is not necessary. 

The unitarity  of the evolution of the perturbations in a QFT in curved 
background regime is ensured. 

The validity of the Born-Oppenheimer approximation can be controled. 

 Requirements on field operators other than those in the Weyl algebra 
may pick out the vacuum in the equivalence class of invariant states.  

Hybrid vs Dressed MetricHybrid vs Dressed Metric



Assumptions on  local expansion  of the holonomy and  expansion  by 
moments of the constraints and observables. 

Matter fields without corrections.

Superselection: expectation values are restricted.

Gauge invariants are non-local (validity of the approach for fields...)

Hybrid approach: zero modes are corrected       spacetime interpretation.

Instabilities.  

Deformed algebra: open issuesDeformed algebra: open issues
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